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CLASS NUMBERS OF CYCLOTOMIC FUNCTION FIELDS

LI GUO AND LINGHSUEH SHU

Abstract. Let q be a prime power and let Fq be the finite field with q ele-
ments. For each polynomial Q(T ) in Fq[T ], one could use the Carlitz module
to construct an abelian extension of Fq(T ), called a Carlitz cyclotomic exten-
sion. Carlitz cyclotomic extensions play a fundamental role in the study of
abelian extensions of Fq(T ), similar to the role played by cyclotomic number
fields for abelian extensions of Q. We are interested in the tower of Carlitz
cyclotomic extensions corresponding to the powers of a fixed irreducible poly-
nomial in Fq[T ]. Two types of properties are obtained for the l-parts of the
class numbers of the fields in this tower, for a fixed prime number l. One gives
congruence relations between the l-parts of these class numbers. The other
gives lower bound for the l-parts of these class numbers.

Systematic study of cyclotomic field extensions of rational numbers started in
the nineteenth century with Kummer and was essential in his work on Fermat’s Last
Theorem. Towers of cyclotomic number fields were first investigated by Iwasawa in
the mid 1950’s. One major application of his theory is to determine the growth of
the p-divisibility of the class numbers for the fields in the tower [Iw].

The study of the cyclotomic theory of function fields started with Carlitz [Ca]
in 1930. Let p be a prime and let q be a power of p. Carlitz regarded the rational
function field k = Fq(T ) and the associated polynomial ring A = Fq[T ] as analogs
of the rational number field Q and its ring of integers Z. He constructed an A-
module, later called the ”Carlitz module” , out of the completion of the algebraic
closure of Fq((T )), an analog of the field of complex numbers. For each polynomial
P in A, one could use the Carlitz module to construct a field extension k(P ) of k.
The extensions obtained this way are called cyclotomic extensions and are essential
in the study of all abelian extensions of k. Fix an irreducible polynomial P in A,
and let n run through the set of positive integers. The cyclotomic extensions of k
associated to Pn via the Carlitz module form a tower of extensions:

nk ⊂ k(P ) ⊂ k(P 2) ⊂ · · · ⊂ k(Pn) ⊂ · · · .
It would be interesting to study the growth of the p-divisibility of the the class
numbers for these fields along this tower, as Iwasawa did for cyclotomic extensions
of a number field. This is the problem we would like to investigate in this paper.

As in the case of a cyclotomic number field, one can decompose the class number
h(k(Pn)) of k(Pn) into two integer factors h+(k(Pn)) and h−(k(Pn)), called the
real part and the relative part of the class number. Let p be the unique prime
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dividing q, the number of elements in the base field of k. The main results of this
paper are:

1. If the degree of the polynomial P (T ) is one, then both the relative part
and real part of the class number h(k(Pn)) are congruent to one modulo p
(Theorem 2.3 and Theorem 2.4).

2. Let l be a prime number and assume l - degP if l = p. Then the l-part of
the class number h(k(Pn)) is congruent to the l-part of h(k(P )) modulo p
(Theorem 2.9).

3. Let l be a prime factor of q−1 and let a0 be the exact exponent of l dividing q−
1. The exponent of l dividing the relative part of the class number h−(k(Pn))
is at least a0(q(n−1) degP − 1) (Theorem 3.1).

4. The exponent of p dividing the relative/real part of the class number h∓(k(Pn))

is at least
a∓

p− 1
q(n−1) degP − 1

n
, where a∓ is a non-negative integer depend-

ing only on k(P ). In most cases, a∓ = 0 if and only if p - h∓(k(P )). In
particular, this is so when degP = 1 (Theorem 3.4).

It is interesting to compare the last result with its known analog for number
fields. Let Kn = Q(ζpn), ζpn = e2πi/p

n

. Iwasawa [Iw2] proved that the power of
p dividing the relative class number of Kn has exponent λn + µpn + ν for some
integers λ, µ, ν and for all sufficiently large n. Later it was proved by Ferrero and
Washington [F-W] that the invariant µ is zero. Thus the exponent of p dividing the
relative class number of Kn grows linearly as n grows. The last result listed above
shows that the exponent of p dividing the relative class number of k(Pn) grows at
least exponentially as n grows if a− is not zero. There are examples where a− is
not zero (see the remark following Theorem 3.4 for more detail). This phenomenon
might be related to the fact that the extension we have here is much larger than a
Zp-extension as in number field case.

Lower and upper bounds for the class numbers of the function fields were studied
earlier by Gold-Kisilevski [G-K] and by Thakur [Th] using the genus formula. We
study lower bounds for the individual primes dividing the class numbers. Thus the
formulas here provide information for the prime factorization of the class numbers.
In particular, this approach gives a lower bound for the exponent of p, the charac-
teristic of the field, dividing the class number in analogy to Iwasawa’s formula for
number fields, as we have mentioned above. More comments and examples can be
found in section 4.

The layout of this article is as follows. In section one, we give notations for
cyclotomic extensions of rational function fields and earlier results needed in this
paper. In section two, the real part and relative part of the class numbers are
studied by using formulas recalled in section one. A Gauss sum-like formula is
proved which enables us to obtain the first main result listed above. The second
main result can then be proved by studying the characters of the Galois group and
by using class field theory. In section three we focus on deducing lower bounds
for the l-part and p-part of h−(k(Pn)), where l is a prime factor of q − 1. Several
variations of the lower bound are provided. In the last section, some numerical data
is collected for small values of p and n, using the PARI library and Mathematica.
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1. Notations and background

Let p be a prime number. Let q be a power of p and let k = Fq(T ) be the rational
function field with base field Fq, the finite field with q elements. Let A = Fq[T ]
be the corresponding polynomial ring. Let Q be a polynomial in A, and Ω be the
completion of the algebraic closure of Fq((T )). The Carlitz module associates each
polynomial Q ∈ A to an additive endomorphism of Ω, denoted by C(Q). More
precisely, the map C(Q) is given by an Fq-linear polynomial with coefficients in A.
The cyclotomic extension of k associated to Q, denoted by k(Q), is then defined
to be the field extension of k obtained by adjoining roots of C(Q). The extension
k(Q) of k is abelian and the Galois group of the extension is isomorphic to the
multiplicative group (A/(Q))×. Hayes showed [Ha] that there is a subfield k(Q)+ of
k(Q), called the maximal real subfield, such that the infinite prime (1/T ) of k splits
completely in k(Q)+. Further, the Galois group of k(Q) over k(Q)+ is isomorphic
to F×q , similar to what happens in the cyclotomic number field extensions. One then
follows the number field case to decompose the class number h = h(k(Q)) of k(Q)
into two integer factors, namely the real part h+ = h+(k(Q)), which is the class
number of the maximal real subfield k(Q)+, and the relative part h− = h−(k(Q)),
which is the quotient of the class number of k(Q) over the real part.

Let G be the Galois group Gal(k(Q)/k). It is isomorphic to (A/(Q))×. Let
N be the set of coset representatives of (A/(Q))× that consists of all polynomials
relatively prime to Q with degree less than the degree of Q. We can then identify
the group G with the set N in which the subgroup Gal(k(Q)/k(Q)+) is identified
with the set of constant polynomials a ∈ F×q . We use M to denote the set of
all monic polynomials in N , i.e., polynomials in A which are relatively prime to
Q(T ), have degrees less than degQ and have leading coefficients equal to 1. In
this way, characters on G can be regarded as characters on the polynomials in
(Fq[T ]/(Pn))×. A character χ is called real if the restriction of χ to F×q is trivial,
and is called non-real otherwise.

We now recall two earlier results about the real class number h+ and relative
class number h− of k(Q) which are fundamental to our work in this paper. These
results express the class numbers in terms of the values of characters on the set M
of monic polynomials in (A/(Q))× that we have just described. The formula for
h+ was obtained by Galovich and Rosen [G-R] in 1981. They gave a class number
formula for the special value of the L-function L(t, χ) at t = 1 with χ real. They
then proved a formula for h+ by combining this with the known result that

h+ =
∏
χ6=id

L(1, χ),

where the product runs through all non-trivial real characters. Let

r =| (A/(Q))× | /(q − 1)− 1,

their formula is

h+(k(Q)) = (q − 1)−r
∏

χ real, χ6=id

(∑
a∈M

χ(a) ((degQ− 1− deg a)(q − 1)− 1)

)
.

(1.1)
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The following formula can then be deduced easily from the fact that
∑

a∈M χ(a) = 0
for each non-trivial real character χ:

h+(k(Q)) =
∏

χ real, χ6=id

(∑
a∈M

(degQ− 1− deg a)χ(a)

)
(1.2)

=
∏

χ real, χ6=id

(
−
∑
a∈M

deg(a)χ(a)

)
.(1.3)

A formula for h− in the case of cyclotomic number fields was proved by Iwasawa
[Iw] in 1960. Applying his idea to function fields, a formula for L(1, χ) when χ is
non-real was obtained in [Sh]:

L(1, χ) =
∑

a monic

(
q − 2
q − 1

χ(a)
)

+
∑

a non−monic

( −1
q − 1

χ(a)
)

where a runs through all polynomials in N , i.e., the polynomials relatively prime
to Q of degree less than degQ. (The formula in [Sh] was proved for much more
general function fields than Fq(T ).) Since

∑
a∈N χ(a) = 0, we have

L(1, χ) =
∑
a∈M

χ(a).(1.4)

Applying this equation to the known formula h−(k(Q)) =
∏
χnon−real L(1, χ), it is

proved that

h−(k(Q)) =
∏

χ non−real

(∑
a∈M

χ(a)

)
.(1.5)

These formulas make it possible to compute (in theory) h+ and h− for any given
Q. In the last section of this paper, some values of class numbers are computed by
using computer programs based on these formulas.

In all the above formulas, the characters are considered as primitive characters.
However, when Q is a prime power Pn, which is the case we study in this paper,
one could regard the characters as non-primitive ones also. Thus in this paper, we
will feel free to use the characters in both senses.

Let P be an irreducible polynomial and let Q = Pn. Then for the Galois group
Gn = Gal(k(Pn)/k), we have the canonical isomorphism Gn ∼= G′n × G′′n, where
G′n ∼= (Fq[T ]/(P (T )))× consists of the polynomials of degree less than n degP
whose orders modulo Pn are prime to p, and G′′n is the finite p-group consisting
of polynomials of degree less than n degP which are invertible modulo Pn and are
congruent to 1 modulo P . G′′n can be further decomposed into a product of cyclic
p-groups G(1)

n , · · · , G(m)
n . We will arrange the groups such that G(i) is of order pg(i)

with g(1) ≥ · · · ≥ g(m).

2. Congruences of class numbers

Let P (T ) ∈ A be an irreducible polynomial. Recall that we have identified
Gn = Gal(k(Pn)/k) ∼= (A/(Pn))× with the set Nn of coset representatives of
(A/(Pn))× consisting of all polynomials relatively prime to P (T ) with degree less
than the degree of P (T )n. Under this identification, we write Mn for the set of
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monic polynomials in (A/Pn)×. Use hn, h+
n , and h−n to denote the class num-

bers h(k(Pn)), h+(k(Pn)), and h−(k(Pn)), respectively. We first give a direct
consequence of formulas (1.2) and (1.5).

Theorem 2.1. Let Q = Pn.
(1) If degP = 1 and n = 1, then the corresponding relative class number h−n is

equal to one.
(2) If degP = 1 and n = 1 or 2, then the class number h+

n is equal to one.

Proof. (1) If degP = 1, then the only monic polynomial with degree less than
degP is the identity polynomial. Then (1) follows from Equation (1.5).

(2) When n = 1, then one has Gn ∼= (A/(P ))× ∼= F×q . Also, there is a unique
real character, i.e., the trivial character. So the product in equation (1.2) is over an
empty index set; hence h+

n = 1. When n = 2, and degP = 1, equation (1.2) gives

nh+
n =

∏
χ6=id

( ∑
a∈Mn

(2 − 1− deg a)χ(a)

)
.

Further,
∑

a∈Mn
(1 − deg a)χ(a) = 1, since if deg a = 1, then 1 − deg a = 0, and if

deg a = 0, then a = 1.

We now study congruence properties of the L-values and class numbers.
Let χ be a character of Gn. Then χ decomposes into a product of χ′ on G′n and

χ′′ on G′′n according to the decomposition Gn ∼= G′n ×G′′n. Thus if the character χ
is non-real, then χ′ is non-trivial. To compute L(1, χ) we use formula (1.4)

L(1, χ) =
∑
a∈Mn

χ(a).

Here we regard χ as a character of (Fq[T ]/(Pn))× and a is chosen with deg a <
n degP . First we need to get more information about the monic polynomials in
Mn.

For any x ∈ Gn, write x = x′+Px′′ with deg x′ < degP and x′′ ∈ A. For b ∈ G′n
and c ∈ G′′n, write b = b′+Pb′′ and c = 1+Pc′′ as above and define b∗c = b′+Pc′′.
The following properties of the operation ∗ are essential to the rest of this section.

Lemma 2.2. 1. The projection of b ∗ c onto G′n is b.
2. Let M ′′

n be the subset of Mn consisting of all monic polynomials with degree
greater than or equal to degP . Let Jn be the set of non-identity monic poly-
nomials in G′′n. Then M ′′

n is the disjoint union of G′n ∗ c as c runs through
Jn.

Proof. Let fn : Gn = (A/(Pn))× → (A/(P ))× be the modulo P map. More
precisely, for a ∈ Gn, write a = a′ + Pa′′ with deg a′ < degP and a′′ ∈ A; then
the modulo P map is given by a 7→ a′. This map is surjective and induces an
isomorphism from G′n onto (A/(P ))× since they have the same cardinality. If we
use b(a′) to denote the element of G′n congruent to a′ modulo P , then the projection
of a ∈ Gn onto G′n is b(a′). Thus the decomposition of a in Gn ∼= G′n×G′′n is given
by a 7→ (b(a′), b(a′)−1a) where b(a′)−1 is the inverse of b(a′) in (A/(Pn))×. Now
(1) is clear since b and b ∗ c are the same modulo P .

For a ∈ M ′′
n with a = a′ + Pa′′ as above, write b = b(a′) for the element of G′n

congruent to a′ modulo P and write c = 1 + Pa′′. Then a = b ∗ c. This expresses
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M ′′
n as the union

⋃
G′n ∗ c where c runs through Jn. From the definition, it is clear

that b1 ∗ c 6= b2 ∗ c if b′1 6= b′2. Thus the union is disjoint and (2) is proved.

Theorem 2.3. Let χ be a non-real character. Let Kχ be the extension of Q formed
by adjoining all values of χ. Let ℘ be any prime ideal of Kχ over p.

(1) L(1, χ) is congruent to
∑

a∈Mn,deg a<degP

χ(a) modulo ℘.

(2) p divides the relative class number h−n of k(Pn) if and only if p divides the
relative class number h−1 of k(P ).

(3) If degP = 1, then L(1, χ) is congruent to 1 modulo ℘.
(4) If degP = 1, then h−n is congruent to 1 modulo p. In particular, p does not

divide h−n .

Proof. (1) By Lemma 2.2,

∑
a∈M ′′

χ(a) =
∑
c∈Jn

∑
b∈G′n

χ(b ∗ c)


=
∑
c∈Jn

∑
b∈G′n

χ′(b)χ′′(b−1(b ∗ c))


=
∑
c∈Jn

∑
b∈G′n

χ′(b)(χ′′(b−1(b ∗ c))− 1)


since

∑
b∈G′n χ

′(b) = 0. By definition, χ(a) ∈ Kχ. Let ℘ be a prime ideal of
Kχ over p. Since G′′ is a p-group, χ′′(b−1(b ∗ c)) is a p-power root of unity and
(χ′′(b−1(b ∗ c))− 1) is divisibly by ℘. Thus ℘ divides (

∑
a∈M ′′ χ(a)). Therefore,

L(1, χ) =
∑
a∈Mn

χ(a)

=
∑

a∈Mn, deg a<degP

χ(a) +
∑
a∈M ′′

n

χ(a)

≡
∑

a∈Mn, deg a<degP

χ(a) (mod ℘).

This proves (1).
(2) From formula (1.5), p divides h−n if and only if ℘ divides L(1, χ) for some

non-real character χ on Gal(k(Pn)/k). By (1), this is equivalent to ℘ dividing∑
a∈Mn,deg a<degP

χ(a). Let χ′ be the restriction of χ to G′n. From the equation

χ(a) = χ′(a)χ′′(a) = χ′(a)(χ′′(a)− 1)− χ′(a)

and the fact that ℘ divides χ′′(a)− 1, we see that ℘ dividing
∑

a∈Mn,deg a<degP

χ(a)

is equivalent to ℘ dividing
∑

a∈Mn,deg a<degP

χ′(a). However χ′ is a character on

Gal(k(P )/k). So by (1) again, the last statement is equivalent to ℘ dividing L(1, χ′),
which is equivalent to p dividing h−1 , the relative class number of k(P ).
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When degP = 1, the only monic polynomial of Mn of degree less than degP
is 1. Thus L(1, χ) ≡ 1 (mod ℘). This is (3). Since h− =

∏
χ non−realL(1, χ) ≡ 1

(mod ℘) and h− is an integer, (4) follows.

For the real part of the class number, we have

Theorem 2.4. Let χ be a non-trivial real character of Gn. Let χ′ be the restriction
of χ to G′n. Let ℘ be any prime ideal of Kχ over p.

(1) If χ′ is non-trivial, then
∑
a∈Mn

deg(a)χ(a) is congruent modulo ℘ to∑
a∈Mn,deg a<degP

deg(a)χ(a). If χ′ is trivial, then
∑
a∈Mn

deg(a)χ(a) is congruent

modulo ℘ to − degP .
(2) If p - degP , then p divides the real class number h+

n of k(Pn) if and only if p
divides the real class number h+

1 of k(P ). If p | degP , then p divides h+
n for

any n > 1.
(3) If degP = 1, then

∑
a∈Mn

deg(a)χ(a) is congruent to −1 modulo ℘.

(4) If degP = 1, then h+
n is congruent to 1 modulo p. In particular, p does not

divide h+
n .

Remark 2.5. In part 2 of the theorem, when p | degP and n = 1, it is possible that
p | h+

1 for some P , while p - h+
1 for some other P . See section 4 for examples.

Remark 2.6. Parts 3 and 4 of Theorem 2.3 and Theorem 2.4 are no longer true if
the degree of P is greater then one. See Section 4 for examples.

Proof. The proof is similar to the case for relative class numbers. Let M ′′
n be the

set of monic polynomials with degree less than or equal to degP . As in the proof
of Theorem 2.3, applying Lemma 2.2 and using the fact that χ′′(a)−1 is congruent
to zero modulo ℘, we have∑

a∈M ′′
n

deg(a)χ(a) =
∑
c∈Jn

∑
b∈G′n

deg(b ∗ c)χ(b ∗ c)

=
∑
c∈Jn

∑
b∈G′n

deg(c)χ′(b)χ′′(b−1(b ∗ c))

=
∑
c∈Jn

deg(c)
∑
b∈G′n

χ′(b)χ′′(b−1(b ∗ c))

≡
∑
c∈Jn

deg(c)
∑
b∈G′n

χ′(b) mod ℘.

If χ′ is non-trivial, then
∑
b∈G′n χ

′(b) is zero. Thus∑
a∈Mn

deg(a)χ(a) ≡
∑

a∈Mn,deg(a)<deg(P )

deg(a)χ(a) mod ℘.

Now assume that χ′ is trivial. Since χ is non-trivial, we necessarily have n > 1.
Since deg(αc) = deg c for α ∈ F×q , from the above equations we get∑
a∈M ′′

n

deg(a)χ(a) ≡ (qdegP − 1)
∑
c∈Jn

deg(c) ≡ qdegP − 1
q − 1

∑
c∈G′′n−{1}

deg(c) mod ℘.
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So we only need to compute
∑

a∈G′′n−{1} deg(a). The polynomial a ∈ G′′n can be
uniquely expressed as a = bP + 1, b 6= 0, 0 ≤ deg(b) < (n− 1) degP . Then∑
a∈G′′n−{1}

deg(a) =
∑

b6=0, 0≤deg b<(n−1) degP

(degP + deg(b))

= (p(n−1) degP − 1) degP +
(n−1) degP−1∑

k=0

k#{b| deg(b) = k}

= (p(n−1) degP − 1) degP +
(n−1) degP−1∑

k=1

k[(qk+1 − 1)− (qk − 1)]

= (p(n−1) degP − 1) degP + [(n− 1) degP − 1]q(n−1) degP −
(n−1) degP−1∑

i=1

qi

= (p(n−1) degP − 1) degP + [(n− 1) degP − 1]q(n−1) degP + 1− 1− q(n−1) degP

1− q

≡ − degP mod ℘.

Therefore, ∑
a∈M ′′

n

deg(a)χ(a) ≡ qdegP − 1
q − 1

(− degP ) ≡ − degP mod ℘.

On the other hand,

∑
a6=0, deg(a)<degP

deg(a) =
degP−1∑
k=0

k(qk+1 − qk) ≡ 0 mod ℘.

Hence
∑

a∈Mn, deg(a)<degP deg(a) ≡ 0 mod ℘. Therefore, when χ′ is trivial,∑
a∈Mn

deg(a)χ(a) ≡ − degP mod ℘.

This finishes the proof of (1).
To prove (2), note that when p - degP

p | h+
n ⇐⇒ ℘ |

∑
a∈Mn

deg(a)χ(a), for some χ with χ′ non-trivial

⇐⇒ ℘ |
∑

a∈M, deg(a)<degP

deg(a)χ(a), for some χ with χ′ non-trivial

⇐⇒ ℘ |
∑

a∈Mn, deg(a)<degP

deg(a)χ′(a), for some non-trivial χ′

⇐⇒ p | h+
1

When p | degP , (2) clearly follows from (1).
When degP = 1, χ real means that χ′ is trivial. When n = 1, (3) is proved

in Theorem 2.1.(2). When n > 1, (1) shows that
∑

a∈M deg(a)χ(a) ≡ −1 mod ℘.
This proves (3). Part (4) follows from (3) and equation (1.2).
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Now we consider the special case that degP = 1 and n = 2. Then the Galois
group Gal(k(P 2)/k) is isomorphic to (Fq[T ]/(T 2))× and we have an isomorphism

(Fq[T ]/(T 2))× ∼= F×q × {f(T ) (mod T 2) | f(0) = 1}

and an isomorphism {f(T ) (mod T 2) | f(0) = 1} ∼= Fq is given by f(T ) = 1+αT 7→
α, α ∈ Fq. Thus the decomposition of χ on Gn ∼= G′n ×G′′n into χ′χ′′ is, in fact, a
decomposition into a multiplicative character χ′ on F×q and an additive character
χ′′ on Fq. Moreover, for a = c+T = c(1+c−1T ), we have χ(a) = χ′(c)χ′′(1+c−1T ),
which is χ′(c)χ′′(c−1) regarded as characters on Fq and F×q . This shows that the
sum

∑
a∈M, a6=1 χ(a) is actually a Gauss sum

∑
c∈F×q χ

′(c)χ′′(c). Consequently,

nL(1, χ) =
∑
a∈M

χ(a) = 1 +
∑
c∈F×q

χ′(c)χ′′(c).

As |∑c∈F×q χ
′(c)χ′′(c) |= √

q, the absolute value | L(1, χ) | is asymptotically given
by

√
q for q large. Since h− =

∏
χ non−realL(1, χ) and there are q(q − 2) non-real

characters, we obtain the following theorem.

Theorem 2.7. Let h−(q) be the relative class number of k(P 2), where k = Fq(T )
and P is a polynomial of degree one. Then for q large, h−(q) is asymptotic to
qq(q−2)/2.

Recall from Theorem 2.1 that h+ = 1 for k(P 2). Thus we get

Corollary 2.1. Let P be a polynomial in of degree one. The class number of k(P 2)
is asymptotic to qq(q−2)/2 for q large.

We next study the l-part of the class number hn for each prime integer l by
using equations (1.2) and (1.5). We first give a lemma on the characters of G =
Gn = Gal(k(Pn)/k) ∼= (Fq[T ]/(Pn))×. For such a character χ, let Kχ be the field
extension of Q obtained by adjoining the values of χ.

Lemma 2.8. Let χ be a character on Gn.

(1) The element L(1, χ) is contained in Kχ for all χ.
(2) If χ 6= id is trivial when restricted to G′′, then∑

a∈Mn

χ(a) =
∑

a∈Mn,deg(a)<degP

χ(a)

and ∑
a∈Mn

deg(a)χ(a) =
∑

a∈Mn,deg(a)<degP

deg(a)χ(a).

(3) If χ is non-real and is trivial when restricted to G′′n, and if degP = 1, then
L(1, χ) = 1.

Proof. The first statement follows from formulas (1.2) and (1.5) in section 1. Next
assume that χ is a non-trivial character but is trivial on G′′n. Then χ′′ is trivial and
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χ′ must be non-trivial. Thus, as in the proof of Theorem 2.3, we have

∑
a∈M ′′

n

χ(a) =
∑
c∈Jn

∑
b∈G′n

χ(b ∗ c)


=
∑
c∈Jn

∑
b∈G′n

χ′(b)χ′′(b−1(b ∗ c))


=
∑
c∈Jn

∑
b∈G′n

χ′(b)

 = 0.

Therefore, ∑
a∈Mn

χ(a) =
∑

a∈Mn, deg a<degP

χ(a) +
∑
a∈M ′′

n

χ(a)

=
∑

a∈Mn, deg a<degP

χ(a).

Moreover, since deg(b ∗ c) = deg(c) from the definition of b ∗ c,
∑
a∈M ′′

n

deg(a)χ(a) =
∑
c∈Jn

∑
b∈G′n

deg(b ∗ c)χ(b ∗ c)


=
∑
c∈Jn

∑
b∈G′n

deg(b ∗ c)χ′(b)χ′′(b−1(b ∗ c))


=
∑
c∈Jn

∑
b∈G′n

deg(c)χ(b)


=

∑
c∈Jn

deg(c)

∑
b∈G′n

χ(b)

 = 0.

Therefore, ∑
a∈Mn

deg(a)χ(a)

=
∑

a∈Mn, deg a<degP

deg(a)χ(a) +
∑
a∈M ′′

n

deg(a)χ(a)

=
∑

a∈Mn, deg a<degP

deg(a)χ(a).

This proves the second part.
(3) follows from (2) since L(1, χ) =

∑
a∈Mn

χ(a) and the only monic polynomial
with degree less than degP = 1 is 1.

Theorem 2.9. Let l be any prime number.
(1) The l-part of h−n is congruent to the l-part of h−1 modulo p. Assuming l - degP

when l = p, the l-part of h+
n is congruent to the l-part of h+

1 modulo p.
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(2) Assuming p - degP when l = p, the l-part of hn is congruent to the l-part of
h1 modulo p.

(3) When degP = 1, the l-part of h∓n is congruent to 1 modulo p.

Proof. (1) We start with h−n . By Theorem 2.3.(2), the p-part of h−n is congruent to
the p-part of h−1 modulo p. So we can assume that the prime l is different from p.
Let χ be any non-real character. By Lemma 2.8, the norm N

Kχ

Q L(1, χ) is a rational
integer. We decompose χ into χ′χ′′ according to the decomposition Gn ∼= G′n×G′′n.
Claim 1. For any non-real character χ that is non-trivial on G′′n, and for any prime
number l not equal to p, the exact power of l dividing NKχ

Q L(1, χ) is congruent to
1 modulo p.

Proof of Claim 1. We fix such a character χ. Let l be a prime number different
from p. Note that

N
Kχ

Q L(1, χ) = N
Kχ′′
Q (NKχ

Kχ′′
L(1, χ)).

Write the principle ideal of Kχ′′ generated by NKχ

Kχ′′
L(1, χ) as

(NKχ

Kχ′′
L(1, χ)) = (

∏
i

Li)B

with Li | l and (B, l) = 1. Then the prime power of l dividing N
Kχ

Q L(1, χ) is a

positive generator of N
Kχ′′
Q (

∏
i Li). Let pc be the order of χ′′. By definition, Kχ′′

is the ray class field of pc. Since (
∏
i Li) is relatively prime to p, it follows from

class field theory that N
Kχ′′
Q (

∏
i Li) has a positive generator that is congruent to

one modulo pc. Thus the prime power of l dividing NKχ

Q L(1, χ) is congruent to one
modulo pc. Since χ′′ is non-trivial, the number c is positive, so the prime power of
l dividing NKχ

Q L(1, χ) is congruent to one modulo p. This proves the claim.

We next use the Galois action of Gal(Q̄/Q) on the characters of Gn to divide
the set of non-real characters into conjugacy classes. Note that taking conjugates
preserves the properties that a character is non-real and that a character is trivial
on G′′n. Let Σn be a set of representatives of distinct conjugacy classes of non-trivial
characters. Further, let Σ′

n be the subset of Σn consisting of the characters trivial
on G′′n. Let Σ′′n be the subset of Σn consisting of the non-real characters. For a
fixed χ ∈ Σn, let Cχ be the conjugacy class of χ. From formula (1.5) we have∏
ψ∈Cχ

L(1, ψ) = N
Kχ

Q L(1, χ). Thus

h−n =
∏

χ non real

L(1, χ) =
∏
χ∈Σ′′n

∏
ψ∈Cχ

L(1, ψ) =
∏
χ∈Σ′′n

N
Kχ

Q L(1, χ).

By Claim 1, the p-part of h−n is congruent to the p-part of
∏
χ∈Σ′′n∩Σ′n

∏
ψ∈Cχ

L(1, ψ)
modulo p.

For a character χ ∈ Σ′
n and ψ ∈ Cχ, ψ is trivial on G′′n. So by Lemma 2.8.2, we

have L(1, ψ) =
∑

a∈Mn, deg a<degP ψ(a). Consider the modulo P map

fn : Gn ∼= (A/(Pn))× → G1
∼= (A/(P ))×.

The kernel is G′′n. The map induces an isomorphism from the group of characters
of Gn which are trivial on G′′n to the group of characters of G1. It also induces a
one-to-one correspondence between the set {an ∈ Mn, deg an < degP} and the
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set M1. Here and in the rest of the proof, we use Mn to denote the set of monic
polynomials from Gn ∼= (A/(Pn))×, use an to denote an element in Mn, and use
ψn or χn to denote a character on Gn.

Claim 2. Let ψn be a character of Gn that is trivial on G′′n, and let ψ1 be the
corresponding character on G1. Then∑

an∈Mn, deg an<degP

ψn(an) =
∑

a1∈M1

ψ1(a1)

and ∑
an∈Mn, deg an<degP

deg(an)ψn(an) =
∑

a1∈M1

deg(a1)ψ1(a1).

Proof. This is clear since ψn = ψ1 ◦ fn and, for an ∈Mn such that deg an < degP
and fn(an) = a1 ∈ M1, we have ψn(an) = ψ1 ◦ fn(an) = ψ1(a1) and deg(an) =
deg(fn(an)).

Now, putting everything together, we have

l-part of h−n
= l-part of

∏
ψn non-real

L(1, ψn)

= l-part of
∏

χn∈Σ′′n

 ∏
ψn∈Cχn

L(1, ψn)


≡ l-part of

∏
χn∈Σ′′n∩Σ′n

 ∏
ψn∈Cχn

L(1, ψn)

 (mod p) (Claim 1)

= l-part of
∏

ψn non-real, ψn|G′′n=id

 ∑
an∈Mn, deg an<degP

ψn(an)

 (Lemma 2.8)

= l-part of
∏

ψ1 non-real

( ∑
a1∈M1

ψ1(a1)

)
(Claim 2)

= l-part of
∏

ψ1 non-real

L(1, ψ1) (mod p) (Formula (1.5))

= l-part of h−1 .

This proves the statement for h−n .
The proof for the congruence of h+

n is similar. The congruence for the p-part
follows from Theorem 2.4.(2). Now consider a prime l 6= p. Let χn be a non-trivial
real character of Gn. So χn is trivial on the subgroup F×q of (A/(Pn))×. Since
any polynomial can be uniquely written as the product of an element in F×q and a
monic polynomial, we see that (A/(Pn))× is the disjoint union of F×q an as an runs
through Mn. Thus we have

n
∑

an∈Mn

χn(an) = (1/(q − 1))
∑

xn∈(A/(Pn))×
χn(xn) = 0
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since χn is non-trivial. Therefore formula (1.2)

h+
n =

∏
χn real, χn 6=id

( ∑
an∈Mn

(degPn − 1− deg an)χn(an)

)
can be further simplified to

h+
n =

∏
χn real, χn 6=id

(
−
∑

an∈Mn

deg(an)χn(an)

)
.

The same argument used to prove Claim 1 can also be used to prove

Claim 3. For any character χn of Gn that is non-trivial on G′′n, and for any prime
number l not equal to p, the exact power of l dividing

N
Kχn

Q

( ∑
an∈Mn

deg(an)χn(an)

)
is congruent to 1 modulo p.

Let Σn and Σ′
n be as defined earlier in the proof. Let Σrn be the subset of Σn

consisting of the non-trivial real characters of Gn. We have

l-part of h+
n

= l-part of
∏

ψn real, ψn 6=id

(
−

∑
an∈Mn

deg(an)ψn(an)

)
(Formula (1.2))

= l-part of
∏

χn∈Σr
n

 ∏
ψn∈Cχn

(
−
∑

an∈Mn

deg(an)ψn(an)

)
≡ l-part of

∏
χn∈Σr

n∩Σ′n

 ∏
ψn∈Cχn

(
−

∑
an∈Mn

deg(an)ψn(an)

) (mod p)

(Claim 3)

= l-part of
∏

ψn real, ψn 6=id, ψn|G′′n=id

(
−

∑
an∈Mn

deg(an)ψn(an)

)

= l-part of
∏

ψn real, ψn 6=id, ψn|G′′n=id

− ∑
an∈Mn, deg an<degP

deg(an)ψn(an)


(Lemma 2.8)

= l-part of
∏

ψ1 real, ψ1 6=id

(
−
∑

a1∈M1

deg(a1)ψ1(a1)

)
(Claim 2)

= l-part of h+
1 (Formula (1.2)).

This proves the statement for h+
n .

Part 2 of the theorem clearly follows from part 1. Finally, when degP = 1,
Theorem 2.3 and Theorem 2.4 show that h∓n is relatively prime to p. So we only
need to consider primes l 6= p. Then (3) follows from (1) and Theorem 2.1.
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3. Asymptotic formulas

The purpose of this section is to get some asymptotic formulas for lower bounds
of the power of a fixed prime l dividing the class number of k(Pn) as n goes to
infinity. The prime p and some other primes are considered.

We first consider the case where l is different from p. Recall that we have the
decomposition of Gn = (Fq[T ]/(P (T ))n)× into G′n × G′′n ∼= G′n ×

∏m
i=1G

(i)
n with

G′n ∼= (Fq[T ]/(P (T )))× of order qdegP − 1 and G
(i)
n cyclic of order pg

(i)
n such that

g
(1)
n ≥ g

(2)
n ≥ · · · ≥ g

(m)
n .

Theorem 3.1. Let h−n be the relative class number of k(Pn). Let l be a prime
factor of q − 1, and let a0 be the highest power of l dividing q − 1. A lower bound
for the l-part of h−n is given by a0(q(n−1) degP − 1).

In order to prove this theorem, we start with a lemma on the set Mn of monic
polynomials in the multiplicative group (A/(Pn))× = (Fq[T ]/(P (T ))n)×. Recall
that this is the set of monic polynomials with degree less than n degP that are
relatively prime to P . The quotient map from (A/(Pn))× to (A/(P ))× gives an
isomorphism of G′n onto (A/(P ))×. Let Hn be the set of polynomials of G′n whose
coefficients modulo P have leading coefficient one. Recall that G′′n is the set of
polynomials modulo P (T )n which are congruent to 1 modulo P (T ). For any h ∈ Hn

and g ∈ G′′n, define h ? g to be the unique monic polynomial associated to the
polynomial product hg (mod Pn), i.e., the monic polynomial obtained by dividing
hg (mod Pn) by its leading coefficient.

Warning. Do not confuse the operation ? and the next lemma with the operation
∗ and Lemma 2.2 in Section 2.

Lemma 3.2. (1) The projection of h ? g onto G′′n is g.
(2) Mn is the disjoint union of the sets h ? G′′n for h ∈ Hn.

Proof. (1). Since h ? g and hg differ by a factor from F×q ⊆ G′n, h ? g has the same
projection onto G′′n as hg. Since the projection of h onto G′′n is one, the projection
of h ? g onto G′′n is the same as the projection of g, which is g itself by definition.

To prove (2), we first prove that the union
⋃
h∈Hn

h ?G′′n is disjoint. If h1 ? g1 =
h2?g2 for h1, h2 ∈ Hn, g1, g2 ∈ G′′n, then c−1

1 (h1g1) = c−1
2 (h2g2) where c1 (resp. c2)

is the leading coefficient of h1g1 (resp. h2g2). Writing gi = QiP + 1, i = 1, 2, then
h1 ? g1 = h2 ? g2 means c−1

1 h1Q1P + c−1
1 h1 = c−1

2 h2Q2P + c−1
2 h2. Taking the two

sides modulo P , we get c−1
1 h1 = c−1

2 h2 modulo P . By the definition of Hn, c1 = c2.
Thus h1 = h2 modulo P . As h1 and h2 are in G′n, and the reduction modulo P
gives an isomorphism between G′n and (A/(P ))×, we have h1 = h2. Multiplying
two sides of the equation h1Q1P + h1 = h2Q2P + h2 by the inverse of h1 = h2

modulo P (T )n, we get Q1P + 1 = Q2P + 1. That is g1 = g2.
There are qdegP − 1 polynomials in (A/(P ))× and (qdegP − 1)/(q − 1) of them

are monic. This is also the cardinality of Hn because of the 1-1 correspondence
provided by the quotient map modulo P . Therefore the cardinality of

⋃
h∈Hn

h?G′′n
is

|Hn| |G′′n| = (
qdegP − 1
q − 1

)(q(n−1) degP ) =
qn degP − q(n−1) degP

q − 1
.
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On the other hand, there are qn degP − q(n−1) degP polynomials in Gn. After we di-
vide them by their leading coefficients, we get (qn degP − q(n−1) degP )/(q − 1) monic
polynomials. Therefore Mn =

⋃
h∈Hn

h ? G′′n.

Proof of the theorem. Fix a j with 1 ≤ j ≤ a0, where la0 is the highest power of l
dividing q−1. The characters on the group G′n with order lj form a conjugacy class
under the action of the Galois group Gal(Q̄/Q). Similarly, the Galois action on the
set of characters of Gn gives a partition of Gn into conjugacy classes. Let Cχ be
the conjugacy class of χ and let Σn be a set of representatives of distinct conjugacy
classes. Let Ĝn be the group of characters on Gn. Then Ĝn is the disjoint union of
Cχ, for χ ∈ Σn. Moreover, let Kχ be the field extension of Q formed by adjoining
the values of χ. Then

∏
ψ∈Cχ

ψ = N
Kχ

Q χ. Therefore,

nh−n =
∏

ψ∈Ĝn, ψ1 6=id

L(1, ψ) =
∏

χ∈Σn, χ′ 6=id

∏
ψ∈Cχ

L(1, ψ).

Let χ be a character on the group Gn ∼= G′n × G′′n of order ljpi, for 1 ≤ j ≤ a0

and i ≥ 1. Then Kχ = Q(µljpi), the extension of Q from adjoining ljpi-th roots of
unity. By Lemma 3.2,∑

a∈Mn

χ(a) =
∑
h∈Hn

∑
g∈G′′n

χ(h ? g)

=
∑
h∈Hn

∑
g∈G′′n

χ′((h ? g)g−1)χ′′(g)

=
∑
h∈Hn

∑
g∈G′′n

(χ′((h ? g)g−1)− 1)χ′′(g),

since
∑

g∈G′′n χ
′′(g) = 0. Let L1 be the unique prime of Kχ′ dividing l. Then the

ideal of Kχ′ generated by χ′((h? g)g−1)− 1 is a power of L1 for each term in above
sum. Thus the ideal of Kχ generated by (χ′((h ? g)g−1) − 1)χ′′(g) is divisible by
any prime ideal of Kχ over L1. If L is such a prime ideal, then L divides each term
of the above sum and hence divides L(1, χ) =

∑
a∈Mn

χ(a). Thus there is a prime

ideal L2 of Kχ′′ over l dividing NKχ

Kχ′′
(L). Therefore, the integral ideal N

Kχ′′
Q (L2)

of Z divides the integral ideal NKχ

Q (L) = N
Kχ′′
Q N

Kχ

Kχ′′
(L). However, N

Kχ′′
Q (L2) is a

power of the ideal (l) of Z. Since l 6= p, by class field theory, N
Kχ′′
Q (L2) has a positive

generator which is congruent to 1 modulo pi. Let ai be the order of l modulo pi; then
lai | NKχ

Q (L). By class field theory, there are precisely (pi−pi−1)/ai primes L of Kχ

dividing L1. Thus the power of l dividing
∏
L|L1

N
Kχ

Q (L) has exponent greater than

or equal to pi − pi−1. Since
∏
L|L1

N
Kχ

Q (L) = N
Kχ

Q (
∏
L|L1

L) and N
Kχ

Q (
∏
L|L1

L)

divides NKχ

Q (L(1, χ)), the power of l dividing NKχ

Q (L(1, χ)) has exponent greater
than or equal to pi − pi−1. Then the relation L(1, χ) =

∑
a∈Mn

χ(a) shows that
lp

i−pi−1
divides

∏
ψ∈Cχ

L(1, ψ).
Let bi be the number of elements of G′′n of order pi. Then the number of elements

of Gn of order ljpi is bi for each j with 1 ≤ j ≤ a0. By the isomorphism Gn ∼= Ĝn,
bi is also the number of characters of Gn with order ljpi. Thus the number of
conjugacy classes in Σn of characters ofGn whose orders are ljpi for some 1 ≤ i ≤ a0
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is a0bi/(pi−pi−1), since there are pi−pi−1 characters in each conjugacy class. This
shows that the power of l dividing h−n =

∏
χ∈Σn,χ6=id

∏
ψ∈Cχ

L(1, ψ) is at least

g(1)n∑
i=1

(pi − pi−1)
a0bi

pi − pi−1
= a0

g(1)n∑
i=1

bi = a0(|G′′n| − 1) = a0(q(n−1) degP − 1).

This proves the theorem.

Theorem 3.1 applies in particular to the Fermat primes.

Corollary 3.1. Let q = p be a prime of the form 2c+1. Let P (T ) be a polynomial
of degree 1. The exponent of 2 dividing the relative class number h−n of k(Pn) is at
least c(p(n−1) − 1).

We next consider the power of p dividing h−n and h+
n . For a character χ of

Gn ∼= G′n×G′′n, let χ′χ′′ be the decomposition of χ. Let Σ′n be the set of conjugacy
classes of characters on G′n. For {χ′} ∈ Σ′n, the order of χ′ is prime to p. Let
dχ′ be the order of p modulo the order of the character χ′. When χ′ is the trivial
character, we take dχ′ to be one. Define

a− = a−(p) =
∑

{χ′}∈Σ′n, χ′ non-real, p|NK
χ′

Q L(1,χ′)

dχ′ .

a+ = a+(p) =
∑

{χ′}∈Σ′n, χ′ real, p|NK
χ′

Q
∑

a∈Mn
deg(a)χ′(a)

dχ′ .

Note that a− and a+ are independent of n since G′n are isomorphic for all n and
thus Σ′

n is the same for all n. If the index set of any of the sums is empty, then
define the sum to be zero. Also define en to be the number of conjugacy classes of
non-trivial characters on G′′n.

Theorem 3.3. 1. The exponent of p dividing h∓n = h∓(k(Pn)) is at least a∓en.
2. If p divides h∓n , then pen divides h∓n .
3. pen divides h−n if and only if p divides h−1 .
4. pen divides h+

n for n > 1 if and only if p divides degP or h+
1 .

Proof. For part 1, we first prove the bound for h−n . Let χ be a non-real character
on the group Gn ∼= G′n×G′′n of order cpi, with p - c. Suppose p divides NKχ

Q L(1, χ).
Then L(1, χ) is divisible by a prime ideals ℘ of Kχ over p. Therefore Nχ

χ′L(1, χ) is

divisible by a prime ℘′ ofK ′
χ over p. ThusNχ

QL(1, χ) is divisible byNχ′
Q ℘′. Since the

order of χ′ is relative prime to p, class field theory shows that Nχ′
Q ℘′ is a power of p

that is congruent to 1 modulo c. Since dχ′ is the order of pmodulo d, we see that pdχ′

divides Nχ′
Q ℘′, and hence divides Nχ

QL(1, χ). Since L(1, χ) =
∑

a∈Mn
χ(a), we have

Nχ
QL(1, χ) =

∏
ψ∈{χ} L(1, χ). Therefore, the exponent of p dividing

∏
ψ∈{χ} L(1, ψ)

is at least dχ′ .
Now let φ be a character of Gn such that φ′ = χ′. By assumption, ℘ divides

L(1, χ) =
∑
a∈Mn

χ(a), and by Theorem 2.3.(1), ℘ divides
∑

a∈Mn, deg a<degP χ(a).
Since

n
∑

a∈Mn, deg a<degP

χ(a) =
∑

a∈Mn, deg a<degP

χ′(a)χ′′(a)
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and ℘ divides (χ′′(a) − 1), ℘ also divides
∑

a∈Mn, deg a<degP χ
′(a)(χ′′(a) − 1).

Therefore ℘ divides
∑

a∈Mn, deg a<degP χ
′(a), and since φ′ = χ′, it also divides

℘|∑a∈Mn, deg a<degP φ
′(a). Reversing the above argument shows that ℘ divides

L(1, φ). Since (| G′n |, | G′′n |) = 1, the number of conjugacy classes of characters
φ of Gn with φ′ = χ′ is the same as the number of conjugacy classes of G′′n. By
definition, this number is en. So the exponent of p dividing

∏
φ′=χ′ L(1, φ) is at

least endχ′ . Now by grouping all characters φ of Gn such that L(1, φ) is divisible
by ℘ first into conjugacy classes and then according to their components ψ′, we get
the bound for h−n .

The proof for h+
n in part 1 is similar, replacing

∑
a∈Mn

χ(a) by
∑

a∈Mn
deg(a)χ(a).

Note that we have included the trivial character in the definition of a+ to incor-
porate the p-powers from the non-trivial real characters χ with trivial χ′ (Theo-
rem 2.4.(1)). Proofs of the remaining parts of the theorem are all based on the
observation that if p divides h∓n , then a∓ 6= 0.

We now give a description of the number en in the theorem. Recall that we
have the decomposition of Gn = (Fq[T ]/(P (T ))n)× into G′n×G′′n ∼= G′n×

∏m
i=1G

(i)
n

with G′n ∼= (Fq[T ]/(P (T )))× of order qdegP − 1 and G
(i)
n cyclic of order pg

(i)
n such

that g(1)
n ≥ g

(2)
n ≥ · · · ≥ g

(m)
n . For a fixed integer i with 1 ≤ i ≤ g

(1)
n , define

ci = #{g(k)
n | g(k)

n ≥ i, 1 ≤ k ≤ g
(1)
n }, and

e(i)n = p
(i−1)ci+

∑
g
(k)
n <i

g(k)
n pci − 1
pi−1(p− 1)

.

The integers ci depend on n also, but we omit the index for n so that the notation
does not get too complicated.

Proposition 3.1. The number of conjugacy classes of characters on G′′n of order

pi is pe
(i)
n . Therefore, en =

∑g(i)n

i=1 e
(i)
n .

Proof. By the definition of ci, the number of elements of G′′n of order less or equal

to pi is picip
∑

g
(k)
n <i

g(k)
n and the number of elements of G′′n of order less or equal to

pi−1 is p(i−1)cip
∑

g
(k)
n <i

g(k)
n . This shows that the number of elements of G′′n of order

exactly pi is p
(i−1)ci+

∑
g
(k)
n <i

g(k)
n (pci − 1). This is also the number of characters on

G′′n with order pi. There are pi−pi−1 elements in every conjugacy class of characters
of order pi. Therefore, the number of conjugacy classes of characters on G′′n with
order exactly pi is

p
(i−1)ci+

∑
g
(k)
n <i

g(k)
n pci − 1
pi−1(p− 1)

,

as claimed.

To get a simpler expression for the lower bound of p-powers dividing h−n , we
need to know more about the structure of the related group (Fq[T ]/(Pn))×. Let
w1, · · · , wr be a basis of Fq as a vector space over Fp. Let tn be the smallest
integer t such that n < pt and let pdn be the exact power of p dividing n. For each
0 ≤ i < tn, write n = uip

i + vi, 0 ≤ vi < pi. Thus vi = 0 for 0 ≤ i ≤ dn, vi > 0 for
dn < i < tn − 1 and ui = 0 for i = tn. Here we omit the index of n in ui and vi to
simplify the notation.
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Proposition 3.2. Let G′′n ∼= G
(1)
n × · · · × G

(m)
n be the decomposition of G′′n into

a product of cyclic p-groups with orders g(1)
n ≥ · · · ≥ g

(m)
n . Let q = pr and let

s = r degP . For any integer i with 1 ≤ i ≤ g
(1)
n , the number of G(j)

n with order
exactly pi is 

s(ui−1 − 2ui + ui+1) for i < dn,
s(ui−1 − 2ui + ui+1 + 1) for i = dn,
s(ui−1 − 2ui + ui+1 − 1) for i = dn + 1,
s(ui−1 − 2ui + ui+1) for i > dn + 1.

Proof. First assume degP = 1. Since (Fq[T ]/(Pn))× ∼= (Fq[T ]/(T n))× in this case,
we can assume that P (T ) = T . We will show that the elements 1 + wjT

k, 1 ≤
j ≤ r, 1 ≤ k < n, p - k form a basis for the group G′′. First show that they are
independent. Assume that there are integers c(j, k) > 0 for some j and k, with
p - k such that (1 + wjT

k)c(j,k) 6≡ 1 (mod T n) and such that∏
j,k

′(1 + wjT
k)c(j,k) = 1 (mod T n).

Here
∏′ indicates the product over the terms j, k with c(j, k) > 0. Write c(j, k) =

b(j, k)d(j, k) with b(j, k) ≥ 1 a p-power and d(j, k) > 1, p - d(j, k). Using the
identity (1 + x)p = 1 + xp, we could rewrite the product as∏

j,k

′(1 + w
b(j,k)
j T kb(j,k))d(j,k) = 1 (mod T n).

Since p - k in the product, k1b(j1, k1) 6= k2b(j2, k2) if p - k1, p - k2 and k1 6= k2.
Thus we could choose k0b(j0, k0) to be the smallest and take the product∏

j, k0b(j,k0)=k0b(j0,k0)

′(1 + w
b(j,k0)
j T k0b(j,k0))d(j,k0)

to consist of those factors with kb(j, k) = k0b(j0, k0) minimal; hence k = k0. By
assumption

(1 + w
b(j,k0)
j T k0b(j,k0))d(j,k0) 6≡ 1 (mod T n);

hence b(j0, k0) < n. On the other hand, expanding the product in the equation
above, we get

1 +

∑
j

′d(j, k0)w
b(j0,k0)
j

T k0b(j0,k0) + higher powers of T ≡ 1 (mod T n).

Raising to the p-th power gives an automorphism of Fq as a vector space over
Fp; thus {wb(j0,k0)j } is still a basis of Fq/Fp. As p - d(j, k0), it follows that

(
∑′

j d(j, k0)w
b(j0,k0)
j ) is non-zero in Fq. Then T k0b(j0,k0) = 0 modulo T n. So we

must have k0b(j0, k0) ≥ n. This is a contradiction.
We next prove that, for q = pr, the polynomials 1 + wjT

k, 1 ≤ j ≤ r, 1 ≤ k <
n, p - k generate G′′n. For this we only need to show that they generate a group of
order | G′′n |= qn−1. Note that, as G′′n is a p-group, the order of each 1 +wjT

k is a
p-power. With the same notation as introduced before the proposition, a counting
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process shows that the number of 1 + wjT
k, 1 ≤ k < n, p - k with order ≥ pi is r(ui−1 − 1)− r(ui − 1) = r(ui−1 − ui) for 1 ≤ i < dn,

r(ui−1 − 1)− rui for i = dn,
r(ui−1 − ui) for dn < i < tn.

Thus the number of 1 + wjT
k, 1 ≤ j ≤ r, 1 ≤ k < n, p - k with order exactly pi is

r((ui−1 − ui)− (ui − ui+1)) for i < dn,
r((ui−1 − ui)− (ui − 1− ui+1)) for i = dn,
r((ui−1 − 1− ui)− (ui − ui+1)) for i = dn + 1,
r((ui−1 − ui)− (ui − ui+1)) for i > dn + 1.

Therefore the exponent of p for the subgroup of G′′n generated by

{1 + wjT
k | 1 ≤ j ≤ r, 1 ≤ k < n, p - k}

is
dn−1∑
i=1

ir((ui−1 − ui)− (ui − ui+1)) + dnr((udn−1 − udn)− (udn − 1− udn+1))

+ (dn + 1)r((udn − 1− udn+1)− (udn+1 − udn+2))

+
h∑

i=dn+2

ir((ui−1 − ui)− (ui − ui+1))

= r

dn∑
i=1

(ui−1 − ui) + r(udn − 1− udn+1) + r
h∑

i=dn+2

(ui−1 − ui)

= r(u0 − 1) = r(n− 1).

Hence the subgroup has order pr(n−1) = qn−1. This shows that {1+wjT k | 1 ≤ j ≤
r, 1 ≤ k < n, p - k} generates G′′n. Then the proposition follows when degP = 1.

The case when degP > 1 can be reduced to the degP = 1 case by the isomor-
phism Fq[T ]/(Pn) ∼= (Fq[T ]/(P ))[X ]/(Xn). To prove this isomorphism, let Fq(T )P
be the completion of the field Fq(T ) at the prime divisor P . Then the field Fq(T )P
is isomorphic to Fqdeg P ((π)) since it is a local field with the residue field Fqdeg P . Let
Fq[T ] ↪→ Fqdeg P [[π]] be the natural embedding, which is also a ring homomorphism.
We claim that this natural embedding induces an isomorphism from the quotient
ring Fq[T ]/(Pn) to the quotient ring Fqdeg P [[π]]/(πn). It is easy to see that it in-
duces a ring homomorphisms on the quotient rings. Thus we need only to show
that it is one-to-one since these are finite rings. Let Q and Q′ be two polynomials
in Fq[T ] and let Q̄ and Q̄′ be their images in Fqdeg P [[π]]. If Q̄ and Q̄′ lie in the same
class of Fqdeg P [[π]]/(πn), then πn | Q̄ − Q̄′ = Q−Q′. Thus Pn divides (Q − Q′).
Therefore, Q and Q′ lie in the same class of the quotient group Fq[T ]/(Pn). Now
the proof is completed.

Theorem 3.4. The lower bounds for the p-parts of h∓n = h∓(k(Pn)) in Theo-

rem 3.3 are further bounded below by
a∓

p− 1
q(n−1) degP − 1

n
.

Remark. The exponent of p in the theorem can be rewritten as

(
a∓

n(p− 1)qdegP
)qndegP − a∓

n(p− 1)
.
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This can be regarded as an analog of Iwasawa’s theorem for the exponent of p
dividing the class numbers of finite field extensions from a Zp-extension of a number
field. Note that, unlike in the number field case, it is possible here that the p-part of
the relative class number h−n increases exponentially as n grows. There are examples
(Section 4) where the prime p divides at least one non-real character; therefore the
number a− in this theorem is non-zero.

Proof of Theorem 3.4. To get this bound, we need a second description of e(i)n , the
number of conjugacy classes of characters on G′′n of order exactly pi.

For a fixed integer n, as in Proposition 3.2 we define tn to be the smallest integer
t such that n < pt and let pdn be the highest power of p dividing n. For each
0 ≤ i < tn, write n = uip

i + vi, 0 ≤ vi < pi. Thus vi = 0 for 0 ≤ i ≤ dn, vi > 0 for
dn < i < tn − 1 and ui = 0 for i = tn. Let q = pr and s = r degP . We show in the
proof of Proposition 3.2 that the number of G(j)

n with order ≥ pi is

αi = αn,i =

 s(ui−1 − 1)− s(ui − 1) = s(ui−1 − ui) for 1 ≤ i < dn,
s(ui−1 − sui − 1) for i = dn,
s(ui−1 − ui) for dn < i < tn.

To find e
(i)
n we compute the number of characters on G′′n of order exactly pi,

which is the same as the number of elements of G′′n of order exactly pi because
of the isomorphism Ĝ′′n ∼= G′′n. For this we compute the order of the subgroup
Gn[i] of G′′n consisting of elements with order less or equal to pi. For each factor

G
(j)
n in the decomposition G′′n ∼=

∏g(1)n
j=1G

(j)
n , define G(j)

n [i] = G
(j)
n ∩ Gn[i]. Then

G′′n/Gn[i] ∼=
∏
j G

(j)
n /(G(j)

n [i]). For a fixed integer k ≥ i, the number of cyclic

factors G(j)
n of G′′n with order pk is αk − αk+1, so the number of cyclic factors

G
(j)
n /(G(j)

n [i]) of G′′n/Gn[i] with order pk−i is also αk −αk−1. Thus the exponent of
p for the order of G′′n/Gn[i] are∑

k>i

(k − i)(αk − αk+1)

= (αi+1 − αi+2) + 2(αi+2 − αi+3) + · · ·
=

∑
k>i

αk

=
{
s(ui − 1) if i < dn,
sui if i ≥ dn.

Therefore the order of Gn[i] is{
ps(n−ui) if i < dn,
ps(n−ui−1) if i ≥ dn.

Thus the elements of G′′n and hence of Ĝ′′n of order exactly pi is
psn(p−sui − p−sui−1) if i < dn,
psn(p−s(ui−1) − p−sui−1) if i = dn,
psn(p−s(ui−1) − p−s(ui−1−1)) if i > dn.
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Since there are pi−1(p− 1) elements in each conjugacy class of characters of order
pi, the number of conjugacy classes of elements of order pi is

ei =


psn

pi−1(p−1) (p
−sui − p−sui−1) if i < dn,

psn

pi−1(p−1) (p
−s(ui−1) − p−sui−1) if i = dn,

psn

pi−1(p−1) (p
−s(ui−1) − p−s(ui−1−1)) if i > dn.

Now the lower bound of the p-part of h∓n in Theorem 3.3 can be expressed as

a∓en = a∓
g(1)n∑
i=1

e(i)n

≥ a∓
g(1)n∑
i=1

pi−1

pg
(1)
n −1

e(i)n

=
a∓ psn+1−g(1)n

p− 1

[
dn−1∑
i=1

(psui − psui−1) + (ps(udn−1) − psudn−1)

+
h∑

i=dn+1

(ps(ui−1) − ps(ui−1−1))

]

=
a∓psn+1−g(1)n

p− 1
(p−s − p−su0)

= a∓p1−g(1)n
ps(n−1) − 1
p− 1

≥ a∓

p− 1
ps(n−1) − 1

n

since pg
(1)
n ≥ n ≥ pg

(1)
n −1. This finishes the proof.

4. Some data and remarks

We provide some examples and data in this section and use them to comment
on the results obtained in earlier sections.

Table 1 shows the data obtained by using the formulas (1.2) and (1.5) and the
PARI package. We assume that the polynomial P is of degree one; thus can assume
P (T ) = T , p is the number of elements in the constant field and h+ and h− represent
the real part and relative part of class number of the ring k(Pn), respectively. One
can see that both h+

n and h−n grow very fast and even for small values of p and
n they already approach the limit that the computer can handle. Because of this
nature of the class numbers, we could only get their values for first few n and p
even though the formulas and the computer program are effectively computable
in theory. With the results we obtained in this paper, we plan to improve the
present computer program by removing those factors which are known to appear.
By collecting more data this way, we should be able to get further insight on the
behavior of those primes which do not divide p − 1. We would like to take this
chance to thank Dominique Bernardi for making the PARI package available to us
and to thank David Alden for his help in loading the PARI Library for us.
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Table 1. Class Numbers of k(Pn), degP = 1

n p h+
n h−n

1 p 1 1

2 3 1 22

2 5 1 28 · 41

2 7 1 29 · 36 · 132 · 118147

2 11 1 210 · 35 · 510 · 2412 · 19031 · 342312·
19767211 · 1788286391

3 3 22 · 72 28 · 7
3 5 24 · 714 264 · 38 · 114 · 413 · 612 · 101 · 401 · 701 · 821

4 3 22 · 72 · 192 · 1092 · 3072 226 · 7 · 181 · 379 · 523

5 3 218 · 715 · 132 · 196 · 374 280 · 73 · 13 · 172 · 195 · 312 · 37 · 73 · 79

·1096 · 3074 · 5772 ·1092 · 181 · 379 · 523 · 3511 · 5779 · 6823

Examples and remarks.

Example 4.1. Choose p = 5, P (T ) = T 2 + T + 1 and n = 1. It can be checked
that T +2 is a generator of (Fp[T ]/(P ))× and the monic polynomials can expressed
as T + 2 = (T + 2)1, T + 1 = (T + 2)20, T + 3 = (T + 2)3, T = (T + 2)16, T + 4 =
(T + 2)17, 1 = (T + 2)0. Let χ be the character on (Fp[T ]/(P ))× of order 4. Then
χ(T + 2) = ζ4, a primitive 4th root of unity. Thus

L(1, χ) =
∑
a∈M

χ(a) = ζ4 + ζ20
4 + ζ3

4 + ζ16
4 + ζ17

4 + ζ0
4

= ζ4 + 1 + ζ3
4 + 1 + ζ4 + 1 = ζ4 + 3.

Since (ζ4 + 3) = (1 + ζ4)(2− ζ4) and (2− ζ4) is a prime of Q(ζ4) above 5, it follows
from Equation (1.5) that 5 divides h−. This shows that Theorem 2.3.(3) and 2.3.(4)
are no longer true if the degree of P is greater than 1. It also provides an example
that a− 6= 0 in Theorem 3.4.

Example 4.2. When p = 3, P (T ) = T 3 + 2T + 2 and h+
1 = 19683 = 39. This

shows that part 3 and 4 of Theorem 2.4 is no longer true if degP > 1.

Examples 4.1 and 4.2 also provide cases when the exponents of p dividing the
relative and real parts of the class number have exponential growth as n goes to
infinity, i.e., the analog of the µ-invariant from Iwasawa is non-zero. On the other
hand, it is also possible that the invariants a∓ in Theorem 3.3 and Theorem 3.4 are
zero, as shown in the next two examples.

Example 4.3. Take p = 3, P (T ) = T 2 + 1. Then h−1 = 64, which is prime to p.

Example 4.4. Take p = 3, P (T ) = T 3 +T 2 +2. Then h+
1 = 16589, which is prime

to p.
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From Theorem 2.3, if p - h−1 , then p - h−n . Thus Example 4.3 provides an example
of h - h−n . Examples 4.2 and 4.4 also show that in part 2 of Theorem 2.4, when
p | degP and n = 1, it is possible that p | h+

1 for some P , while p - h+
1 for some

other P .
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